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Abstract

The Facial Reduction Algorithm (FRA) of Borwein and Wolkowicz and
the Extended Dual System (EDS) of Ramana aim to better understand
duality, when a conic linear system

AX K b (P)

has no strictly feasiblesolution. We
provide a simple proof of the correctnessof a variant of FRA.

shav how it naturally leadsto the validity of a family of extended
dual systems.

Summarize, which subsetsof K related to the system (P) (as the
minimal coneand its dual) have an extendedrepresenation.

1 Intro duction
Farkas' lemma assuming a CQ Duality results for the coniclinear system

AX K b (P)
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are usually derived assumingsomeconstraint quali cation (CQ). The most fre-
quertly used CQ is strict feasibility, ie. assumingthe existenceof a x with
AXx <k b. HereK is a closedcorvex cone,A : X ! Y alinear operator, with X
and Y beingeuclideanspaces.Wewrite z ¢ y,andz <¢ yto meanthaty z
isin K, orin ri K, respectively.

Let K bethe dual coneof K. A fundamerial result that implies both strong
duality betweena primal-dual pair of coniclinear programs,and the existenceof a
certi cate of infeasibility of a coniclinear system(again, assumingan appropriate

CQ)is

Theorem 1.1. (Farkas' lemma) Supmsethat (P) is strictly feasible,c 2 X,
Co 2 R. Then for all x feasiblesolutionsof (P) hc;xi ¢ holds,i thereis ay
suchthat

Yy k 00 Ay=c; hyi ¢ (1.1)

Two approadies are known to derive strong duality results for conic linear
systemswithout assuminga CQ, and to better understandsystemswhich are not
strictly feasible.

The Facial Reduction Algorithm Borwein and Wolkowicz in [2, 3] note that
(P) is always equivalert to a strictly feasiblesystem

AX b;

Fmin
where Fp,i, is a faceof K, called the minimal cone of (P). Therefore,asF,, is
a closedcorvex cone, Theorem 1.1 holds without requiring a CQ, if we replace
y k Owith

y . O

min

The technique of deriving duality results using the minimal coneis called facial
reduction. Furthermore, they provide an algorithm to construct a sequenceof
facesKk = Fy Fi. = Fnin for somet 0. We shall call their method a
Facial Reduction Algorithm (FRA).

An Extended Dual System For a semide nite linear system,i.e. whenK =

K = S}, Ramanain [15]hasdewelopedthe approadt of an Extendal Dual System
(EDS). (The term usedby him wasan \Extended Lagrange-SlaterDual"; we feel
that our terminology is better suited for the treatment preserned in this paper.)
Essemially, he hasshown that thereis a setext(A; b;K ), sud that Theorem1.1
holds without any CQ assumptionif we replacey ¢ 0 with

(y;w) 2 ext(A; b;K ) for somew: (1.2)
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Moreover, ext(A; b;K ) is the set of feasiblesolutions of a conic linear systemin
which the only \nontrivial” (ie. dierent from a direct product of copiesof R,
and R, ) coneisK = K .

Related Literature  The resenblancebetweentheseresultsis not coincidertal:

Ramana, Tunceland Wolkowicz have shown in [14]that FRA and EDS are closely
related. Alternativ e interpretations of extendeddual systemswere given by Luo,

Sturm and Zhangin [10], and Kortanek and Zhangin [7]. An interesting, and
novel application of FRA wasintroducedby Sturm in [17]: deriving error bounds
for semide nite systemsthat have no strictly feasiblesolution. Luo and Sturm

generalizedhis approat to mixed semide nite, and secondorder conic systems;
seg[9]. Facialreduction wasusedby se\eral other authorsto derive duality results
without a CQ assumption;seeLewis [8].

A Unied Treatment Ouraimisto provide aunied andtransparert deriva-
tion of FRA and EDS. Precisely under the assumptionthat

F =K +F? forall facesF ofK; (1.3)

we
(1) give a proof of the correctnessof a variant of FRA.

(2) shaw that it immediately implies that
Foin = T Yi(y;wh) 2 ext;(A; b;K ;T) for somew' g:

Here ext;(A; b;K ;T) is the feasibleset of a conic linear systemthat de-
pendson A; b;K and T, a closedconvex conewhich is relatedto K . In
other words, F,,;, hasan extendel formulation.

(3) Provethat whenK = K = S7, the dependenceon T can be eliminated; a
similarly described ext,(A; b;K ) can be found, sothat

Foin = Y] (Y;W?) 2 extz(A; b;iK ) for somew? g:

(4) Surwey other results on the represetability (in the above sense)of Fn
and related sets: its dual cone,orthogonalcomplemenm, and complemetary
face.

We note that assumption(1.3) is satis ed for most conesof interest; seeSection
2. To keepthe presemation simple, the only results that we will useis Theorem
1.1, and someelemetary facts from corvex analysis.
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Section2 cortains all necessarnpreliminaries. In Section3 we derive a simple
variant of FRA; in Section4 \translate" the algorithm into an EDS, and showv
that for the semide nite case,there is sud a systemexpressedourely in terms
of K , thus recorering Ramana'sresult. Section5 presens variants of extended
dual systems,and Section 6 studiesthe represetability of F., and its related
sets.

2 Preliminaries

Operators and matrices Linear operators are denotedby capital letters. If
A is a linear operator, then A will stand for its adjoint. When a matrix is
consideredto be an elemen of a euclideanspace,not a linear operator, it is
denotedby a small letter.

Convex Sets The open line-segmeh between points y and z is denoted by
(y;z). Let C be a closedcorvex set. A corvex subsetF of C is called a face
of C, and this fact is denoteddenotedby F E C, if x 2 F; y;z2 C; x 2
(y;z) impliesy;z 2 F. For x 2 C we denoteby facgx; C) the minimal faceof C
that contains x, that is with the property x 2 ri face; C).

For x 2 C, the set of feasibledirections, and the tangert spaceat x in C are
de ned as

dir(x;C) = fyjx+ ty 2 C for somet > 0g;
tan(x; C) = cldir(x; C)\  cldir(x; C)
fyjdist(x ty;C)=ot)g:

The equivalenceof the alternative expressiondor tan(x; C) follows e.g. from [6,
page135].

Cones A cornvexsetK isaconeg if K K holds for all 0. The dual of
the coneK is

K = fzjhxi Oforallx2K g:

If FEK,andx 2 ri F is xed, then the complementary(or conjugate faceof F
is de ned alternatively as (the equivalenceis straightforward)

F*=1fz2K jhg;xi=0 forallx2 Fg
=fz2K jhxi = 0g

The complemenary faceof G E K is de ned analogously and denotedby G* .
K is facially exposed,i.e. all facesof K arise as the intersection of K with a
supporting hyperplane,i forall F E K, F4 = F, see([4], Theorem®6.7). For
brevity, we write F* for (F%) , and F4? for (F%)?.
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A closedcorvex coneK is called nice, if
F =K +F’foral FEK
For the purposesof this work, it is enoughto note that
For the FRA to be applicable,the underlying conemust be nice.

Nice conesare alsoeasierto dealwith in other areasof the \dualit y without
CQ" subject, see[13].

Polyhedral, semide nite, and secondorder conesare nice, see[12].
Nice conesmust be facially exposed,see[13].
If K isacone,x 2 K, then tan(x; K) canbe conveniertly expressedsee[12]) as
tan(x; K) = facef; K)*’ (2.4)

We remark, that (2.4) holds for all closedcorvex cones,not only for nice ones
([11], [13]).

Example 2.1. (The nonnegativ e orthan t) K = R is self-dualwith respect
to the usualinner product of R". If x 2 K = R}, then

facek;R}) = fx2 R} jx; = 0 8isit: x; = 0g;

2.5
facgx;R?)* = fx2 R? jx; = 0 8i sit: x; > 0g: (25)

Then (2.4) and (2.5) yield
tan(x;R}) = fy2 R"jy; = 0 8isit: x; = 0g: (2.6)

Example 2.2. (The semide nite cone) The spaceof n by n symmetric, and
the coneof n by n symmetric, positive semide nite matrices are denotedby S",
and S}, respectively. The spaceS" is equipped with the inner product

X
hx;zi = Xij Zjj ,
i;j =1
and S} is self-dualwith respect to it.
If x2 K=K =87, then
faceqx; SI)
facgx; SM)*

fx2S"iR(X) R(X)g:
fx2S"jR(x) R(X)’g;

2.7)

(Barker and Carlson, [1]; for a simple proof, see[12).
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The expressionsn (2.7) can be simpli ed, if we note that ' (face;S!"))q =
face@' xq; SI') for any full rank matrix g, therefore,we canassumex = (}3). If
rankx = r, then (2.4) and (2.7) lead to

I

tan(;st)= O g ja2 Sh2 RT (D (2.8)

Example 2.3. (The second order cone) The second-orderconein R"*! is
de ned as
Kansa = F(Xo;X)jXo k xkag;

and it is self-dualwith respect to the usualinner product in R"**.

Let F E Kan+1. AS Konsp is the \lifting”  of the unit ball of the norm k ko,
all F facesdi erent from f 0g and K ,.,+1 must satisfy

F
F4

cond (kxkz;x)" g

(2.9)

cond (kxksy; x)'g
for somex 2 R".

For any two sud facesdeterminedby u;v 2 R" there is a linear map Q(u; V)
that sends(k u ky;u)™ to (kv ky;v)", and K, to itself. Therefore, we can
assumethat F is generatedby x = (n*2?;€)". Then (2.4) and (2.9) imply

tan(x; K2n1) = f (Yory) j n* 2y = €'yg (2.10)

Minimal cones Denoteby FeagP) the feasibleset of (P) and assumethat it
is nonempyy. Let

X 2 ri FeasP); E := facep Ax;K):
Then for any y 2 FeasP) thereis z 2 FeasP) with x 2 (y;z). Hence
NE3b Ax2(b Ay;b Az)) b Ay;b Az2E;
and we obtain that (P) is equivalert to
Ax g b:

In other words E is the maximal face of K that cortains a vector of the form
b Ax in its relative interior. It is called the minimal cone of the system(P),
correspndingto b  Ax, and denotedby mincongb  Ax; (P)).
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In general,if S a closedcorvex cone,(Q) a coniclinear system,with
Aju't g B Auc g bk
amongits constrairts, then
mincong (B A ut)+  + (I« A U%);(Q))

will denote the maximal face of S that cortains a vector (br AU+ 4+
(b« A; u'v) in its relative interior, with all u'i's feasiblefor (Q).

Key assumptions and notation In the rest of the paper, unlessotherwise
stated, we uphold the assumptionsthat

(P) is feasible;K is nice,ie. F = K + F? forall F E K

and write

Fmin = mincong b Ax; (P))

3 A Facial Reduction Algorithm

Reducing certi cates Fix an F faceof K sud that F,, F K. The
feasiblesolutions of the following conic linear system

(u;v) 2 K F?g
AUu+v)=0 S (RED(F))
o;u+vi=0 '

will give a proof when Fi, is corntained in a smallerfaceof K.
Theorem 3.1. (Borw ein and Wolkowicz) Assumethat (P) is feasible. Then
(1) For all (u;v) feasibleto (RED(F)),

Fmin F\ fug’ F: (3.11)

(2) If Fmin ( F, then there exists (u; v) feasibleto (RED (F)), suchthat the
second containment in (3.11) is strict.

Pro of of (1) Let x be a feasiblesolution of (P). Then
O=hu+v;b Axi=hsb Axi;

proving the rst cortainment; the secondis obvious.
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Proof of (2) Fixf 2riF. ThenFn, 6 F, i
Ax+ft ¢ b implies t O: (3.12)

Sincethe conic systemof (3.12) is strictly feasible(with somet su ciently neg-
ative), this implication hasa certi cate, that is

9y 2 F st. Ay=0; hoyyi O Hyi=1,
9Q(u+V)2K +F? st. A(U+Vv)=0; hu+vi O H;u+ vi

Next, note that Hb;yi = 0 must hold, sincehb;yi < 0 would prove the infeasibility
of (P). Finally,

H:u+vi=Hh;ui>0) F\ fug’ ( F:

If the secondcortainment in (3.11) is strict, we shall say that (u;v) reducesthe
systemAx ¢ b, or it is a reducing certi c ate. Next, we state an algorithm
to construct Fn,; it is a simplied version of the one given by Borwein and
Wolkowicz [3].

Facial Reduction Algorithm  (A; b;K)

Input: A; biK.
Output: t O u%::;;ut2 K with Fin = K\ fu®+  + ulg’.
Invariants:  Fnin  Fi,

Fi=K\fu'+ +ug’,

F? =tan(u®+ +u;K ).

Initialization: Let (u%v®) = (0;0); Fo = K;i = 0.

while Fmin 6 F;
Find (u'*;Vvi*1) reducingAx ¢ b
Let Fiup = R\ fu™lg’;i=i+ L
end while

Theorem 3.2. The Facial Reduction Algorithm is nite, and correctly constructs
I:min .

Pro of It su ces to note the following 3 facts.

By Lemma3.1a (u'*';v'*!) that reducesF; can be found exactly if Fi, 6
F.
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All three invariants are trivially satis ed for i = 0. Now assumethat they
Fmn  Fiee = Fi\ fu*g’

K\ ful+ +udg’\ fu*lg’ (3.13)
K\ ful+ +d+u*g’:

The last equality follows, as all u''s are in K . Therefore, the rst two
invariants hold for i + 1. To prove that the last one does, using (3.13) we

obtain
F? = K\ fu'+ +ug ’
= face@’+ +u ;K )¥
= tan(u’+  + UK );
asrequired.

SinceF; is reducedin ewery step, the number of stepsuntil termination is
not more than

L(A; b;K) := minf dim(N (A )\ fhg’);

3.14
length of the longestchain of facesin K g: ( )

We shall call the collection of (u';v')'s found by the algorithm a facial reduction
seguene (FRS). By the expressionfor F? above, an FRS will look like

(u%v°) = (0;0) %
(u';v') 2 K tan(u’+ +u LK) B

(i=1::::1) (3.15)
u'+ v 2N(A)\ fhg’ %
(i=1:::;1) ’

Example 3.3. With X = R™; Y = R";K = K =R}, (P) isalinear inequality
system. For the instance

0 1 01
1 0 0 0o 1 0
0 X1
0 1 o0EBox Eo (3.16)
0 1 X3
0 O 1 0

an FRS is

T T
ul= 00011 ;u’= 01100 ;v“= 0000 1
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with the correspnding F; facesbeing
F; = R® fog%F,=R! fog*
F, is the minimal coneof (3.16).
Example 3.4. With X = R™; Y = S"; K = K = S, (P) is a semide nite
system. For the instance

1 0 1 0 1
001 000
E'po ooﬁx1+ E'pl ooXx2+Epo 10Kxs @O 0 O (3.17)
000 000 100 000
an FRS is 0 1 0 1 0 1
000 000 0 1
ul=B0 ooX;u=F0 20%;v’=Bo0 0 0ok
001 000 100
The correspnding F; facesare
1 1 1 1
Fi= face%)%)o 1 OX S¥K R, = face%)%)o 0 OX s3k
000 000
F, is the minimal coneof (3.17).
Example 3.5. With X = R™, Y = (R™)", andK = K = (Kzn1)", (P)isa
conic systemover a dlrect#product oflsecondorder cones. Con3|derthe instance
p_ 0 X1 + 0 p_ X O O.# (3.18)
e 0 ! a e 2% 0 o '
wherea 2 R" is surh that hsl e =0 kakz— 2n Now an FRS is
Ul = 2= 0 i 2 0o 0
e e 0 e a 0
The correspnding F; fac'esare | ' § | ' |
pﬁ- pﬁ- # . pﬁ- O- # .
F, = face K ;F, = face K
e e e 0

with F, equalto the minimal coneof (3.18).
Remark 3.6. Note that for (3.16) there is an FRS of length 1, namely

:
ul= 00011

In fact, this is true for any linear inequality system. If K = K = R", take an
FRS (b';10')!_, satisfying (3.15) and set

e =bhi e = (b)) @t

gl :::;8' 2 K ;facqae';K ) = face@*+ + bhK)

Hencethe correctnesof FRA alsoleadsto the existenceof a strictly complemen-
tary solution pair for a primal-dual pair of linear programs.
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4 The Simplest Extended Dual System

To turn the algorithm for constructing Fp,, into an extendedformulation of F;,,,
rst notice that the set

f(uv)ju2 K ;v2tan(u;K )g

is a closedconvex cone. For brevity, let L = L(A; b;K). By the previousremark,
the structure

(u%v® =0
(u:vh) 2 K tan(u®+ +u LK) E

(i=121:::;L+1) (EXT)
u'+ v 2N(A)\ fhg’ %

(i=1:::5L) '

is a conic linear system. Note that the di erent rangefor i in the 2 constrains
(from 1to L + 1 andfrom 1to L) is not accidertal.

Theorem 4.1. (Representing F_. ) The following hold.

min
Foo = mincone( uw’+  + U (EXT)) (4.19)

Fln = fVEj (vt is feasiblefor (EXT) g (4.20)
Frin = fuL+1 + vELj (U VS is feasiblefor (EX T) g (4.21)

Pro of By Theorem3.1 for all (u'; V') that are feasiblefor (EX T)
Fmin K\ fu’+ +utg® = facqu®+ + u-;K )*;
therefore

F  face(®+ +u“;K )* = facqu®+ + u“;K ); and

min
Fon  face@®+ +u5K )Y = tan(u®+ +uhK)

hold. By Theorem 3.2 equality holds for somefeasible (u’; V), thus both
(4.19) and (4.20) follow. The statemen of (4.21)is implied by (4.20) and F
K +F?

min —

min -

As an immediate corollary we obtain

Theorem 4.2. (Farkas' lemma without a CQ) Supmsethat (P) is feasible,
c2 X; ¢ 2 R. Then for all x feasiblesolutionsof (P) hc;xi ¢y holds,i there

is (u'; vh)h suchthat

(U v 2 FeasEXT); A (Ut + vty = ¢; hoputtt + vttt
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Naturally, we would prefer to expressF,,, using a conic systemin terms of
copiesof K . This is indeed possiblefor the caseof a semide nite system, ie.
whenX = R™; Y = S"; K = K = S}: we must appropriately substite for the
\v 2 tan(u; K )" constrairt in (EX T). Consider

(u%v%) = (0;0) .
vi W ow)T=o0 %
uo+(Wi)+TUi 1 \Ai/i, 0, u' 2 psdn;v' 2 S"; w2 R" "; ;2 RZ3
(i=1:::;L+1)
u+vi 2 NA)\ fbg’
(i=1:::;L0)

withL = minf n(n+ 1)=2 m 1;ng
(EXT-SDP)

Corollary 4.3. SuppseX = R™; Y = S"; K = K = S}. Then

Foo = mincondu’+ + u-;(EXT-SDP))

Fln = vt j ;v is feasiblefor (EX T-SDP) g
F futtt + vt (U v s feasiblefor (EX T-SDP) g

min

Moreover, let ¢ 2 X; ¢ 2 R. Then for all x feasiblesolutions of (P) hc;xi ¢
holds,i thereis (u';Vv))Zt' suchthat

(U Vgt 2 FeasEX T-SDP); A (Ut + vt*t) = ¢; hojut* + v ¢

Pro of Immediate by noting (cf. (2.8))
( ! )

u-ow 0 forsomew?2 R" and 2R

tan(u;S?) = w+w' .
w

5 Equiv alent Extended Dual Systems

So far we have shown that the correctnessof (a variant of) FRA immediately
leadsto the correctnesof an EDS. Ramana'soriginal systemin [15]is somewhat
di erent from (EX T-SDP) though. Here we exhibit seeral equivalert ED sys-
tems, one of them being his original. The disaggregatedextendeddual system
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is 9
wiv9 =0
(u';v) 2 K tan(u' LK ) %
(i=121:::;L+ 1) (D-EXT)
u'+vi2N(A)\ fhy’ §
(i=1:::;L) ’

Theorem 5.1. De ne

Gi = mincond u®+  + u;(EXT));
Hi = mincong u'; (D-EX T));

Ji = mincong u'; (D-EXT)):
Then
Gi= Hi =J (5.22)
FZ = mincondu’+ + u-;(D-EXT))
Fo, = fvErju; vyt is feasiblefor (D-EXT)g (5.23)
Frin = f U™+ vEj (vt s feasiblefor (D-EXT) g

Furthermore, supmsethat a set-value operator
tan®: K 1 2R
is given, with the property
8v2tan(u;K ) v2tanqu:K )for some , O
Then (5.22) holds, if in (EXT) and (D-EXT) tan is replaed with tan®

Pro of In (5.22) the inclusions are trivial. To seeG; J;, let (b';1)' be
feasiblefor (EX T). Then (e';e)iZ' de ned as

(8;¢)= (0% + + (b)) (i=0:::;L+1)
is feasiblefor (D-EX T). Thus (5.23) follows as well.

( i8'; ;@) is feasible,if in (EX T) we replace\tan” with \tan ®'. Hencethis

replacemen doesnot a ect mincong u®+  + ut;(D-EXT)). The proof is the
samefor (D-EXT).
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For the semide nite case,we can thus recorer Ramana'soriginal system

(u% v = (0;0) %

viow whT=0
(jvii)i Yoo u2Shv2sw2R "
(i=1:::L+1) (RAM)
u'+vi2 N(A)\ fby’
(i=1:::;L)

withL = minfn(n+ 1)=2 m 1;ng
and the essencef his result as

Corollary 5.2. SupmpseX = R™; Y = S"; K = K = S. Then

Fi = mincondu’+ +u-; (RAM))

Flin = FVEj (U V) is feasiblefor (RAM) g

Foin = fU-™ + vE* (U v is feasiblefor (RAM ) g
Moreover, let c 2 X; cg 2 R. Then for all x feasiblesolutions of (P) hc;xi ¢
holds,i thereis (u';Vv))Zt' suchthat
(u'; vl is feasiblefor (RAM ); A (Ut +vt*) = ¢ mout™ + v i o

Pro of The system(RAM ) is just (D-EXT), with
( ! )
u w

tanqu; SP) = w+w' T 0 for somew?2 R" "
w

6 Representation of the minimal cone, and its
relativ es

We have seenthat F,,, the minimal coneof the conic linear system
AX K b (P)
hasthe following useful properties:

() The setsF?,, andF,;, have an extendedformulation; that is, they are the

projection of someconiclinear systemsin a higher dimensionalspace.The
only nontrivial conic constrairts in thesesystemsare of the formu ¢ 0,
andv 2 tan(u; K ).
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(i) WhenK = K is the semide nite cone,there is a represetation in terms
of only K = K itself.

Se\eral related questionsarise naturally.

(1) For what other related setsis there a represemation asdescrikedin (i) and
(i) ? In particular, is there onefor Fy, itself, and F .. ?

(2) How \long" doessud a represemation haveto be ? For F?, , and F,,, is
there one speci ed with lessdata, than in (4.20) and (4.21) ?

This sectionwill provide partial answers and someconjectures. First, note that
whena xed s 2 ri F, is given, then obviously

Fmin = fSjO ks k sforsome 0g:

It is not hard to seethat F,, canbe represeted without the explicit knowledge
of s, since

Fmin = fSjO ks k b Axfor somex; and 0g (6.24)

This result was obtained by Freund [5], basedon the article by himself, Roundy
and Todd [16]; of course,(6.24) holds without any assumptionon K .

If K is nice, then by (4.19) we obtain

Fi = fuj0 « u « (uW+:::ub)
for some(u'; v} feasiblefor (EX T) g

Again, the substitution for the \tan" constraint canbe usedwhenK = K = S!.
This givesa partial answer to (1) above; it still remainsto be seenwhetherthere
are more compact extendedformulations for F2. :F2 i F . .

min ?

As to (2), it would be interesting to see,for what other nice conesis there an
extendedformulation for the set

f(uv)ju2 K ;v2tan(u;K )g

in terms of K (or for the variant with \tan ' replacing\tan"). By Theorem4.1
coniclinear systemsover sud coneswould alsohave Ramana-type (ie. expressed
only in terms of K ) extendeddual systems.

Acknowledgement The author gratefully acknowledgesthe support of NSF
Grant DMS 95-27124.
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