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Abstract. We extend the theoretical foundations of the branch-and-cut
method using lift-and-project cuts for a broader class of disjunctive con-
straints, and also present a new, substantially improved disjunctive cut
generator. Employed together with an efficient commercial MIP solver,
our code is a robust, general purpose method for solving mixed integer
programs. We present extensive computational experience with the most
difficult problems in the MIPLIB library.

1 Introduction

Disjunctive programming is optimization over a finite union of convex sets. Its
foundations were developed, and the term itself coined in the early seventies by
Balas [4, 5]; since then it attracted the attention of numerous researchers, includ-
ing Jeroslow [18,19], Blair [12], Williams [25], Hooker [15], Beaumont [11], Sherali
and Shetty [23], Meyer [21]. Besides having an elegant theory, disjunctive pro-
gramming provides a way to formulate a wide variety of optimization problems,
such as mixed integer programs, linear complementarity, job-shop scheduling,
equilibrium problems, and so on.

There is a natural connection between disjunctive programming problems
and logic. In fact, a recent paper of Hooker and Osorio [16] proposes to solve
discrete optimization problems that can be formulated by using logic and linear
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programming. They call this area of mathematical programming MLLP (Mixed
Logical Linear Programming). Even though MLLP is, in principle, more general
than disjunctive programming, since it allows more flexibility in the representa-
tion of logical formulas, every MLLP can be represented as a general disjunctive
program.

Recently, Balas, Ceria and Cornuéjols [8,9] proposed the lift-and-project
method, which is related to the work of Balas on disjunctive programming, the
matriz-cuts of Lovasz and Schrijver [20], the hierarchy of relaxations for mixed-
integer programming of Sherali and Adams [22], and the intersection cuts of
Balas [3]. The implementation of the lift-and-project method in a branch-and-
cut framework (see [9]) proved to be very effective when tackling difficult mixed
0-1 programs.

The goal of our work is twofold. First, we show that the lift-and-project
method for the 0-1 case can be extended quite naturally for a large class of
disjunctions, called facial disjunctions. Such disjunctive constraints abound in
practice, and our preliminary computational experience shows that — when the
disjunctions are carefully chosen — the cuts generated from them outperform 0-1
disjunctive cuts.

Second, we attempt to answer the challenge posed by a new generation of
commercial MIP solvers. We implemented a new, much improved lift-and-project
cut generator, and we present our computational experience with it. Combining
our separator with an efficient commercial code (CPLEX 5.0) in a cut-and-
branch framework yields an extremely robust general purpose MIP solver.

In the rest of this section we provide the basic notation and definitions.
In Section 2 we give a brief overview of known properties of facial disjunctive
programs, and describe how disjunctive cuts generated from facial disjunctions
can be lifted. In Section 3 we discuss implementation issues and present new
computational results on the problems of MIPLIB 3.0 with a substantially im-
proved version of a lift-and-project cut generator. Finally, in Section 4 we give
our conclusions, discuss ongoing work, and future directions.

Disjunctive sets and disjunctive cuts A disjunctive set is a set of points
satisfying a collection of inequalities connected by the logical connectors A (con-
junction, “AND” ) and V (disjunction, “OR”).

A disjunctive set is in Disjunctive Normal Form or DNF, if its terms do not
contain further disjunctions. For simplicity, we shall be dealing with sets in DNF
that contain only two terms, i.e. sets of the form

KoUK, (1.1)



Moreover, we shall assume that there is a polyhedron K that contains both K
and K3, and Ky and K; are defined by one additional inequality, that is

K ={z| Az > b} 12)
K;={z|Az>b, d’z > g;} (j =0,1)

We shall denote
P =clconv (Ko U K;) (1.3)

A disjunctive set is in conjunctive normal form, or CNF if its conjunctions do
not contain further conjunctions. E.g. if we are given the set K as above and

K;j ={z| Az >, diijQij} (i=1,...,p,j=0,1)

then the set

{z | /\ (x€ Ko Ve € K1)} (1.4)
i=1,...,p
or, equivalently
{z| Az > b, /\ (d®z > gio Vd'z > ga)} (1.5)
i=1,...,p

is in conjunctive normal form.

As an example, consider the feasible set of a mixed 0—1 program. In this case
K is the feasible set of the linear programming relaxation, and

Ky = {z| Az > b, z; <0}
Ki1={x|Ax2b,$,-Zl}

for (¢ =1,...,p). Then with this definition of K;y and Kj;; (1.5) is the usual way
of expressing the feasible set of the mixed 0-1 program. Moreover, if for some
we choose

Ko = KiO; Kl = K,'l (16)

then the set in DNF is the strengthening of the LP-relaxation obtained by im-
posing the 0-1 condition on the variable z;.

A disjunctive program (DP for short) is an optimization problem with the
feasible set being a disjunctive set. Optimizing a linear function over the set in
(1.1) can be done by optimizing over P.

If IT is a polyhedron, then we denote
IT* = {(a, ) | ax > Bisavalid inequality for IT}
The next theorem, due to Balas, provides a representation of the set P in

(1.1). This representation will be used in the next section as the basis for dis-
junctive cutting plane generation.



Theorem 1. [ (Balas[4]) | Assume that the sets Ko and K;i are nonempty.
Then (o, 3) € P* if and only if there exists u®,vo,u', vy such that

WA tvid =a(j=0,1)
wb +vig; > B (j =0,1) (1.7)
uj7vj > 0(.7 =071)

In fact, this result holds under a more general regularity condition, than the
nonemptyness of all K;’s (assuming nonemptyness, the result follows by simply
using Farkas’ lemma).

The lift-and-project method is based on the generation of disjunctive or lift-
and-project cuts, ax > [ which are valid for P, and violated by the current
LP-solution Z, i.e. aZ < (3. Theorem 1.7 provides a way of generating disjunctive
cuts for a general disjunctive program through the solution of a linear program,
called the cut-generation LP, or CLP of the form

max [ —aZF
s.t. (a,B) € P* (1.8)
(a,8) €S

where S is a normalization set ensuring boundedness of the CLP.

There are several possible choices for the set S (see [13] for a complete de-
scription). In our current implementation we use the following normalization
constraint:

1
S = {(u®2° u',v") Zu9+1}] e<1}
7=0

where e is a vector of all ones of appropriate dimension.

2 Facial disjunctions

Our purpose is to use disjunctive cuts for solving general disjunctive programs.
We will devote particular attention to a special class of facial disjunctive pro-
grams. A disjunctive set is called facial if the sets Ky and K; are faces of K.

Some examples of facial and non-facial disjunctive programs include:

e Variable upper bound constraints: Suppose that we wish to model the
following situation: if an arc ¢ in a network is installed, we can send up to u;
units of flow on it; if it is not installed, we can send none. If we denote by y;



the amount of flow on the arc, and z; is a 0—1 variable indicating whether
the arc is installed, or not, then clearly,

:Uz-:1Vyz-:0

(2.9)
0<yi<u

is a correct model.

Linear complementarity: The linear complementarity problem (LCP for

short) is finding z, z satisfying

z,2>0
Mz+2z=q (2.10)
zT2=0

Clearly, (2.10) is a facial disjunctive program in CNF, with the disjunctions
being z; =0V z; = 0.

Ryan-Foster disjunctions: This disjunction is used as a very successful
branching rule in solving set-partitioning problems (SPP’s). Precisely, sup-
pose that the feasible set of an SPP is given as

xR € {0, I}Vk
Az =e

with A being a matrix of zeros and ones, and e the vector of all ones. Denote
by R; the support of the i*" row of A. Then the disjunction

YkerTk =1V Y cpzr =0 (2.11)

is valid for all the feasible solutions of the SPP, if R is a subset of any R;.
However, if R is chosen as the intersection of R;, and R;, for two rows iy
and is, then the disjunction will perform particularly well as a branching
rule, when solving the SPP by branch-and-bound. This disjunction is facial,
since the inequalities obtained by replacing '=’ by “<” in (2.11) are valid
for all solutions of the SPP. Some computational results using Ryan-Foster
disjunctions to generate cutting planes can be found in Chapter 3.
Machine scheduling (see [6]): In the machine scheduling problem we are
given a number of operations that need to be performed on different items
using a set of machines. The problem can be formulated using disjunctions
of the form

tj—ti > dij Vt; —t; > dj; (2.12)

where t; is the starting time of job 4, and d;; is the minimum time that
must elapse after the start of job 4 until the start of job j, if any. These
disjunctions are not facial, since the reverse of the inequalities in (2.12) is
clearly not valid for all of the feasible schedules.



One of the most important theoretical properties of 0-1 disjunctive cuts is
the ease with which they can be lifted ([8,9]). For clarity, recall that

K ={z| Az > b}
K;={z|z € K, dz > g;} (j=0,1) (2.13)
P =clconv (Ko U K7)

Let K' be a face of K, and

Kj={z|z €K', dz>g;} (j=0,1) (2.14)
P' =clconv (Kj U K]7)

Suppose that we are given a disjunctive cut (o, 8") valid for P’ and violated by

Z € K'. Is it possible to quickly compute a cut («, 3), which is valid for P, and

violated by z ?

The answer is yes, if (o/, ') is a cut obtained from a 0-1 disjunction ([8,9]),
and K' is obtained from K by setting several variables to their bounds. Moreover,
it is not only sufficient to solve the CLP with the constraints representing K’
in place of K, its size can be reduced by removing those columns from A which
correspond to the variables at bounds. In practice these variables are the ones
fixed in branch-and-cut, plus the ones that happen to be at their bounds in the
optimal LP-solution at the current node. Cut lifting is vital for the viability of
the lift-and-project method within branch-and-cut; if the cut generation LP’s
are solved with putting all columns of A into the CLP, the time spent on cut
generation is an order of magnitude larger, while the cuts obtained are rarely
better ([9]). The main result of this section is :

Theorem 2. Let K' be a an arbitrary face of K and K} and P' as above. Let
(o', B') € (P')* with the corresponding multipliers given. Then we can compute
a cut (o, B) that is valid for P and for all x € K'

az—fB=dz-p3 (2.15)
Proof. Somewhat surprisingly, our proof is even simpler, than the original for
the 0-1 case. Let K’ be represented as
K'={z|A_x=b_, A,z >b,}

where the systems A_z > b_ and A x > b, form a partition of Az > b. Since
(o', ") € (P")*, we have

=ulA_ +ul A, + v,d°
ulA_+ulA, +od
B < ulbo +ulby + vogo
B < ulbo +ulby +v.9,

R
|

(2.16)

AN



with S > 0, u} > 0,u, > 0,v; > 0, and v and ul unconstrained. Then
if we replace the negative components of u2 and uw. by 0, and compute the
corresponding («, 3) it will clearly be valid for P and satisfy (2.15). O

It is interesting to note that the above proof also implies that if the CLP
is solved with a normalization that is imposed only on 3, such as g8 = %1, or
|8] <1, then the lifted cut will also be optimal. Hence the above theorem also
generalizes the cut-lifting theorem in [8].

Suppose that after possibly complementing variables, multiplying rows by a
scalar, adding rows, and permuting columns A_ and b_ can be brought into the
form

A_=[1,0],b_=0

This condition is satisfied for most facial disjunctions of importance. Then just
as in the 0-1 case, we can remove the columns from A that correspond to the
columns of I, and solve the cut generation LP in the smaller space.

The consequence of these results is that facial disjunctions can be used for
branching in a branch-and-cut algorithm, in place of the usual 0-1 branching. At
any given node of the tree, the LP-relaxation is always a system that arises from
the system defining K by imposing equality in some valid inequalities. In other
words, the LP-relaxation at any given node defines a face of the LP-relaxation at
the root. Therefore, if we also wish to generate disjunctice cuts, this can always
be done using the LP-relaxation at the current node of the branch-and-cut tree,
then lifting the resulting cut to be globally valid. Notice, that for this scheme to
work, we only require the disjunctions for branching to be facial; the disjunctions
for cutting can be arbitrary.

3 Computations

3.1 The implementation

The computational issues that need to be addressed when generating lift-and-
project cuts were thoroughly studied in [9]. Their experience can be briefly sum-
marized as:

e It is better to generate cuts
e in large rounds, before adding them to the linear programming relax-
ation, and reoptimizing.
¢ in the space of the variables which are strictly between their upper and
lower bounds, then to lift the cut to the full space.
e The distance of the current fractional point from the cut hyperplane is a
reliable measure of cut quality.



We adopted most of their choices, and based on our own experience, we added
several new features to our code, namely,

e In every round of cutting, we choose 50, (or less, if fewer are available) 0-1
disjunctions for cut generation. In an analogous way, we also choose a set of
general integer disjunctions of the form z; < |Z;] V z; > [Z;]-

e The 50 0-1 disjunctions are chosen from a candidate set of 150. It is rather
conceivable that a disjunction will give rise to a strong cut if and only if
it would perform well when used for branching; i.e. the improvement of
the objective function on the two branches would be substantial. Therefore,
we use “branching” information to choose the variables from the candidate
set. In the current implementation we used the strongbranch routine of
CPLEX 5.0, which returns an estimate of the improvements on both gener-
ated branches. Our strategy is testing the 150 candidate variables (or fewer
if less are available) then picking those 50 which maximize some function
(currently we use the harmonic mean) of the two estimates. We call this
procedure the strong choice of cutting variables. We then repeat this process
for the general integer variables, if any. We are in the process of testing other
rules commonly used for selecting branching variables, like pseudo-costs and
integer estimates.

e We pay particular attention to the accuracy of the cuts. If a CLP turns out
to be numerically unstable, we resolve it with a stricter tolerance setting.

e We use a normalization constraint (the set S in CLP) that bounds the sum
of all multipliers (u?,v?).

e In joint work with Avella and Rossi [1], we have chosen to generate more
than one cut from one disjunction using a simple heuristic. After solving
the CLP, we fix a nonzero multiplier to zero, then resolve. We repeat this
procedure several times always checking whether the consecutive cuts are
close to being parallel; if so, one of them is discarded.

3.2 The test-bed and the comparison

As a benchmark for comparison, we used the commercial MIP solver CPLEX
5.0, with the default parameters.

As the testbed, we used problems from MIPLIB 3.0, a collection of publicly
available mixed integer programming problems. We excluded those problems
which were too easy for CPLEX, namely the ones that could be solved within
100 nodes, and also the fast0507 problem, since it is too large. We divided the
remaining problems into two groups.

¢ “Hard” problems; the ones that cannot be solved within one thousand sec-
onds by CPLEX with the default setting.
¢ “Medium” problems. All the rest.



Finally, since the enumeration code of MIPO was written 4 years ago, currently
it is not competitive with the best commercial solvers. Therefore, we tested our
cut-generator in a cut-and-branch framework. We generated 2 and 5 rounds of
50-100 cuts, after every round adding them to the LP formulation, reoptimizing,
and dropping inactive constraints. After the fifth round we fed the strengthened
formulation to the CPLEX 5.0 MIP solver with the above setting. Also, all the
cut-generation LP’s were solved using the CPLEX dual simplex code.

Problem H LP value IP value
10teams 897.00 904.00
air04 55,264.43 55,866.00
air05 25,877.60 26,374.00
arki001 7,009,391.43| 7,010,963.84
gesa2 25,476,489.68| 25,781,982.72
gesa2_o 25,476,489.68| 25,781,982.72
harp2 -74,325,169.35|-73,893,948.00
misc07 1415.00 2,810.00
mod011 |[-62,121,982.55|-54,558,535.01
modglob || 20,430,947.62 20,740,51
p6000 -2,350,838.33| -2,349,787.00
pkl 0.00 11.00
pp08a 2748.35 7350.00
pp08aCUTS 5480.61 7350.00
qiu -931.64 -132.87
rout -1393.38 -1297.69
set1lch 30426.61 49,846.25
vpm2 9.89 13.75

Table 1. Problem description

All of our tests were performed on a Sun Enterprise 4000 with 8-167MHz
CPU; we set a memory limit of 200 MB, and ran all our tests using one processor
only.

3.3 The Computational Results

The results for those “hard” problems which could be solved with, or without
cuts, are summarized in Table 2. There are 17 such problems. Their description,



and also of setich is included in Table 1. The problems not solved by any of the
two methods are: danoint, dano3mip, noswot, setich, seymour. Nevertheless,
on the last two problems lift-and-project cuts perform quite well; setich can
be solved with 10 rounds, and on seymour we were able to get the best bound
known to date (see the next section).

Also, the medium problems were run, and solved by CPLEX and cut-and-
branch as well. The comparisons for these problems are not presented here, but
cut-and-branch was roughly twice as fast if we aggregate all the results.

Problem CPLEX 5.0 ||Cut—and—Branchs,||Cut—and—Branchsy
Time | Nodes || Time Nodes Time Nodes

10teams 5404 | 2265 | 1274 306 5747 1034
air(4 2401 | 146 1536 110 5084 120
air05 1728 | 326 1411 141 4099 213
gesa2 9919 | 86522 || 3407 22601 1721 6464

gesa2_o 12495| 111264 || 4123 28241 668 4739

modglob  ||4++4++4| ++4++ ||10033| 267015 435 5623
pp08a +4++| +++ || 1924 47275 178 1470

pp08aCUTS |(|50791|1517658|| 277 3801 134 607
vpm2 8138 | 481972 || 1911 63282 974 18267

harp2 14804| 57350 [|10686| 28477 13377 31342
misc07 2950 | 15378 || 2910 12910 4133 14880

p6000 1115 | 2911 || 1213 2896 805 1254
qiu 35290| 27458 |[15389| 10280 27691| 15239
arki001 6994 | 21814 ||18440| 68476 13642| 12536
mod011 22344| 18935 ||63481 24090 +++ +++
pkl 3903 | 130413 || 5094 | 122728 6960 | 150243
rout 19467| 133075 ||26542| 155478 ||40902| 190531

Table 2. Computational results for cut-and-branch

The following preliminary conclusions can be drawn.

(1) In 9 problems out of the 17, either 2, or 5 rounds (in most cases 5) of lift-
and-project cuts substantially improve the solution time. In 5 problems the
difference is “make-or-break”; between solving, or not solving a problem, or
improving the solution time by orders of magnitude.

(2) On 4 problems, our cuts do not make much difference in the solution time.



(3) On 4 problems, adding our cuts is actually detrimental. It is important to
note, that the deterioration in the computing time is not due to the time
spent on generating the cuts, rather to the fact, that they make the linear
programming relaxation harder to solve. In fact, it is most likely possible to
catch this effect by monitoring, e.g. the density of the cuts, and the deteri-
oration of the LP relaxation’s condition number.

Lift-and-project cuts on two very difficult problems There were 5 prob-
lems that neither CPLEX alone, nor our code (with at most 5 rounds of cuts)
was able to solve. These are : danoint, dano3mip, noswot, setich and seymour.
All of them are notoriously hard, and currently unsolvable by general purpose
MIP-solvers within a reasonable time. In fact, dano8mip, noswot, and seymour
have never been solved to optimality (although an optimal value for noswot is
reported in MIPLIB 3.0, we could not find anyone to confirm the existence of
such a solution).

Our cuts do not perform well on the first 3 problems; danoint and dano8mip
are network design problems with a combinatorial structure, already containing
many special purpose cuts, and noswot is highly symmetric. However, disjunctive
cuts perform strikingly well on the last two instances.

Until now, setich could be solved to optimality only by using special pur-
pose path-inequalities [26]. After exhausting the memory limits, CPLEX could
only find a solution within 15.86 % of the optimum. We ran our cutting plane
generator for 10 rounds, raising the lower bound to within 1.4 % of the integer
optimum. CPLEX was then able to solve the strengthened formulation in 28
seconds by enumerating 474 nodes. It is important to note that no numerical
difficulties were encountered during the cutting phase, (even if we generated 15
rounds, although this proved unnecessary) and the found optimal solution pre-
cisely agrees with the one reported in MIPLIB (the objective coefficients are
one-fourth integral).

The problem seymour is an extremely difficult setcovering instance; it was
donated to MIPLIB by Paul Seymour, and its purpose is to find a minimal
“irreducible configuration” in the proof of the four-colour conjecture. It has not
been solved to optimality. The value of the LP-relaxation is 403.84, and an integer
solution of 423.0 is known. The best previously known lower bound of 412.76
[2] was obtained by running CPLEX 4.0 on an HP SPP2000 with 16 processors,
each processor having 180 MHz frequency, and 720 Mflops peak performance, for
the total of approximately 58 hours and using approx. 1360 Mbytes of memory.

Due to the difficulty of the problem, we ran our cutting plane algorithm on
this problem with a rather generous setting. We generated 10 rounds of cuts, in
each round choosing the 50 cutting variables picked by our strong choice from
among all fractional variables with the iteration limit set to 1000. The total time
spent on generating the 10 rounds was approximately 10.5 hours, and the lower
bound was raised to 413.16. The memory useage was below 50Mbytes. Running



CPLEX 4.0 on the strengthened formulation for approximately 10 more hours
raised the lower bound to 414.20 - a bound that currently seems unattainable
without using our cuts.

Computational results with other disjunctions We ran our cut-generator
on two of the most difficult set-partitioning problems in MIPLIB, namely air04
and air05, by using the Ryan-Foster disjunctions described in the previous sec-
tion. The results with two rounds of cuts are summarized in Table 3.

Problem||{CPLEX 5.0|{CPLEX 5.0||C&B| C&B
Time Nodes ||Time|Nodes

air04 2401 146 1300| 115

air05 1728 326 1150| 123

Table 3. Results with the Ryan-Foster disjunctions

4 Conclusions and Future Directions

In the near future we plan to explore the following topics:

e Making our computational results with cut-and-branch more consistent. The
key here is, finding the right amount of cutting, that sufficiently strengthens
the LP-relaxation, but does not make it too difficult to solve.

e We are currently implementing a branch-and-cut method that uses disjunc-
tive cuts and allows branching on facial disjunctions, using cut lifting based
on Theorem 2. We will use the disjunctions which are given as part of the
formulation, and in some other cases, we will use the structure of the problem
to generate other valid disjunctions. Our goal is to treat disjunctions in a way
similarly to inequalities (that is, to maintain a set of “active” disjunctions,
and to keep the rest in a “pool”), and handle them efficiently throughout
the code.

e We are in the process of testing our cutting plane generator with other
commercial LP and MIP solvers (XPRESS-MP). This program allows for
the generation of cutting planes within the enumeration tree without the
need of programming our own enumeration, and hence improving on the
efficiency.
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